Reprint
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Abstract – We experimentally investigate hydrodynamic dispersion in elastic turbulent flows of
a semi-dilute aqueous polymer solution within a periodic porous structure at ultra-low Reynolds
numbers < 10−3 by particle tracking velocimetry. Our results indicate, that elastic turbulence can
be characterized by an effective dispersion coefficient which exceeds that of Newtonian liquids by
several orders of magnitude and grows non-linearly with the Weissenberg number Wi. Contrary
to laminar flow conditions, the velocity field, and thus the shear rate, is not proportional to the
flow rate and becomes asymmetric at high Wi.

Introduction. – Turbulent flow is characterized
by unsteady velocity fields, which suddenly vary in
space and time. For Newtonian liquids, this regime is
reached for high Reynolds numbers Re, where inertial
effects dominate over viscous forces. In contrast, for
viscoelastic fluids, turbulent flow at arbitrarily small Re
numbers, usually referred to as elastic turbulence [1], can
be observed. Such fluids are characterized by an elastic
response, e.g. due to the entanglement and the dynamics
of polymer chains [2]. The degree of elastic effects can
be described by the dimensionless Weissenberg number
Wi = λ · γ̇, which quantifies the anisotropic polymer
alignment in the presence of shear [3]. Here, λ is the
equilibrium polymer relaxation time and γ̇ the shear rate
of the flow. Accordingly, for Wi → 0 the response of the
fluid to a sudden stress is purely viscous while for Wi > 0
an elastic short-time response is obtained. Since the
polymer alignment not only depends on the instantaneous
but also on the previous shear, this explains why a highly
non-linear flow dependence on the shear strength is
observed [2]. It has been experimentally demonstrated
that above a critical Weissenberg number Wic & 1 elastic
turbulence occurs [4]. Similar to inertial turbulence, this
regime is characterized by an enhanced flow resistance
and a power-law decay of the spectral power density
[1, 5, 6]. This effect can be exploited to dramatically
increase the mixing efficiency at small length scales and
small Reynolds numbers (Re < 10−4 ) in microfluidic
devices [7, 8].

Fig. 1: (Color online) (a) Sketch of the microfluidic device used
in our experiments. After injection of a diluted aqueous PAAm
solution loaded with a small amount of tracer particles, a fluid
flow Q is imposed from left to right. (b) and (c) Microscopic
images of the structure with typical particle trajectories for (b)
laminar flow of water at Re = 6 × 10−4 (ū = 100 µm/s) and (c)
flow of PAAm in the regime of elastic turbulence at Wi = 395,
Re < 10−4 (ū = 110 µm/s) (See supplementary videos).

p-1

C. Scholz et al.

−1

10

∆x [µm]

100

η [Pa s]

In contrast to previous experiments, where elastic
turbulence was investigated in channel-like geometries
[4, 9, 10], only little is known about the microscopic
transport mechanisms of non-Newtonian fluids through
more complex structures. This is even more surprising,
since viscoelastic flow through porous media is frequently
encountered in technologically relevant systems such as
polymer or micellar solutions [11, 12], blood [13], and
colloidal suspensions [14]. It has been shown that flow
of non-Newtonian liquids through porous structures can
be characterized by effective macroscopic flow properties,
such as an apparent viscosity, which differs significantly
from the bulk properties of the fluid [15–20]. It can be
expected, that under conditions typically found in porous
media, where the shear rate is a strongly heterogeneous
quantity, elastic turbulent flow may even occur at the
pore scale, thus affecting the flow resistance and the
hydrodynamic dispersion, i.e. the transport of particles,
molecules and immiscible fluids.
In this Letter we experimentally investigate the transport
properties of micron-sized tracer particles in a semidiluted polyacrylamide (PAAm) solution flowing through
a periodically patterned micro array. We demonstrate
the occurrence of elastic turbulent flow for a wide range
of Wi. The measured particles’ transversal dispersion can
be described by an effective dispersion coefficient D⊥ ,
which increases non-linearly with Wi and exceeds the
corresponding value for laminar flow by several orders of
magnitude. In contrast to laminar flow, the flow pattern
becomes asymmetric at high Wi due to the viscoelastic
properties of the fluid and the shear rate depends nonlinearly on the flow rate, affecting the Wi-dependence of
D⊥ .
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Fig. 2: (Color online) Shear dependent viscosity of an aqueous
0.1% PAAm solution at 21◦ C determined from active microrheology. The dashed line corresponds to the zero shear viscosity 1.4 Pas. Inset: Relaxation curve of the particle position.
The dashed line corresponds to the exponential fit from which
the relaxation time λ = 2 s is obtained.

solution by active microrheology in geometries similar
to our microfluidic device [23–26]. This was achieved by
dragging a silica bead (σ = 3 µm) through an unpatterned
sample cell of h = 7 µm height using a scanning optical
tweezer. From the particle’s response to the optical
force, we obtained the shear dependent effective viscosity
(Fig. 2). For small shear rates we observe a plateau which
yields a zero-shear viscosity of 1.4 Pas (dashed line). As
expected, for shear rates γ̇ > 3 × 10−1 s−1 we observe
a strong shear thinning [9]. In addition, we determined
the polymer relaxation time λ. In these experiments,
we first applied a constant optical dragging force to the
Experiment. – Our experiments were performed particle (γ̇ ∼ 0.3 s−1 ) and then suddenly switched the
in microfluidic channels of width w = 550 µm, length laser off. Then, the previously compressed polymers
L = 2.5 mm and height h = 7 µm fabricated by soft release their stress, which leads to a relaxing motion of
lithography [21]. The central part of the channel was the particle opposite to the direction of the driving force.
patterned with a periodic array of squares of sidelength Eventually, the particle equilibrates, leading finally to
a = 16 µm and lattice constant l = 25 µm, which is ro- a diffusive motion (inset of Fig. 2). As can be seen by
tated by 45◦ relative to the flow direction (see Fig. 1(a)). the dashed line, this relaxation process can be well fitted
As a viscoleastic fluid we have used an aqueous 0.1% to an exponential decay from which we determine the
polyacrylamide (PAAm) solution with molecular weight relaxation time to be λ = 2 s.
Mw = 18 × 106 (polyscience). The solution was deionized For the particle velocimetry experiments a small
prior to the measurements, as rheological properties of amount of deionized latex tracer particles with diameter
polymer solutions are sensitive to the ion concentration σ = 1.3 µm and 3 µm was added to the solvent to visualize
[22]. To avoid aging effects [11], fresh solution was the flow. The microfluidic device is connected to a motorized syringe and a hydrostatic pressure reservoir to adjust
prepared 24 h before each measurement.
First we present a rheological characterization of the the flow rate Q, which has been varied between 0 − 2 nl/s
polymer solution. The typical length scale of our struc- in our experiments. The particle motion is observed using
ture is significantly smaller than common bulk rheometer a video microscope and a high-speed camera (Mikrotron),
geometries. In this regime rheological differences between which allows us to record videos with frame rates up to
micro- and bulk-rheometry have been found for porous 506 fps at a resolution of 1280 × 1024 pixels covering a
media flow, in particular a shift of the flow curve to field of view of 350 × 280 µm2 . This enables us to track
different shear rates [20]. To account for these differences particles with velocities up to 500 µm/s at a sub-µm
we determined the shear-dependent viscosity η(γ̇) of the accuracy using standard particle tracking algorithms
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of the flow field v̄(x, y) (averaged over the z-direction),
which is obtained from the locally averaged particle
velocities u(x, y) 1 [28, 29]. The numerical prefactor is
determined from the analytical solution for laminar flow
in a rectangular pipe [30]. From these estimates we
are able to obtain Wi as a function of the shear rate,
i.e. the flow velocity, the latter being varied between
v̄ = 0 − 400 µm/s which corresponds to shear rates
γ̇ = 0 − 500 s−1 . This yields Weissenberg numbers in the
range of Wi = 0 − 900. It should be mentioned that in
the shear-thinning regime the effective relaxation time τeff
can depend on γ̇, which is typically taken into account
in bulk rheology. However a measurement of τeff is not
feasible in our microfluidic device, where the viscosity
and the relaxation time are spatially varying quantities
and are therefore not identical to e.g. bulk and channel
geometries. As a consequence we explicitly mention the
corresponding shear rates to allow for a comparison with
bulk measurements, where different definitions for Wi are
used.
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Results and Discussion. – The qualitative difference
between laminar flow and elastic turbulence
10
is illustrated in Figs. 1(b,c) where we show typical
particle trajectories for low Reynolds number flow of
100
water and elastic turbulent flow at Wi = 395 (see also
10−1
supplementary videos). For laminar flow the particles
follow clearly separated streams in the upper and lower
10−2
part of the primitive cell and fluctuations can only be
caused by thermal diffusion. In contrast, for elastic
−3
10
turbulent flow the particle trajectories become more
−4
irregular and frequent intersections of trajectories and
10
particle exchange between adjacent streams are observed.
10−5 0
Quantitative information about the particle motion is
10
101
102
103
obtained from the corresponding mean squared displaceWi
ment. Due to the limited field of view, the longitudinal
component does not approach its asymptotic behavior
Fig. 3: (Color online) (a) Transversal mean squared dis- even for laminar flows. Therefore, we have calculated the
placement MSD⊥ for increasing average particle velocity ū = transversal component of the mean squared displacement
16, 41, 73, 113 µm/s of particles with diameter σ = 3 µm vs.
2
MSD⊥ (t) = h(y(t + τ ) − y(τ )) i averaged over more than
ū · t. The inset shows the ballistic short time behavior of
3
10 particles. Fig. 3(a) shows the MSD⊥ for increasing
the MSD⊥ . (b) Dispersion coefficient D⊥ vs. Wi and γ̇ respectively for 1.3 µm (#) and 3 µm tracers (). The dashed average particle velocities ū for σ = 3 µm tracer particles
line marks the thermal diffusion coefficient at equilibrium vs. the time t (rescaled by ū).
2
D0 = (7 ± 3) × 10−5 µm2 /s (determined from passive micro- At short times, all MSD⊥ s are proportional to t due
rheology for σ = 3 µm.). The solid curve corresponds to a to the drift of the particles in the periodic flow pattern
power law with exponent α = 1.4 and Wic = 1.
(see inset). In contrast, at long times, a linear behavior
proportional to t is observed. Such an effective diffusive
long-time behavior has been also found in weakly turbulent flow of Newtonian liquids [31]. The intermediate
[27–29].
Since the shear rate spatially varies in structures with oscillatory time dependence of the MSD⊥ is a result of
non-homogeneous flows, the relevant Wi corresponds to the periodic structure. Accordingly, the first maximum
the maximum shear rate magnitude. For our samples, and minimum at ū · t ≈ 18 µm and 36 µm, respectively
Wi becomes maximal within the channel throats which
1 It has been shown in laminar flows that ū is larger for smaller
have an almost quadratic cross-section 9 × 7 µm2 . For
particles, due to (finite) size effects [29]. For laminar flow v̄ = cd · ū
our geometry, the maximum shear rate is given by and cd is a size dependent factor in the range 1 – 1.5 that can be
γ̇ ≃ 6.75 · v̄max /h, where v̄max is the maximum velocity determined from a separate calibration.
D⊥ [µm2 /s]
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Fig. 4: Transversal Dispersion coefficient D⊥ for σ = 3 µm
Latex particles in laminar flow of water. The dashed line corresponds to the diffusion coefficient at equilibrium D0 (21◦ C).
No significant increase of D⊥ is observed within two orders of
magnitude in Re.

correspond to the half and full period of the porous
structure.
From the linear part of the MSD⊥ we obtain the transversal dispersion coefficient D⊥ (the slope corresponds to
2 D⊥ ), which is plotted in Fig. 3(b) as a function of Wi
and the corresponding γ̇ for particles with σ = 3 µm
and σ = 1.3 µm. Apparently, the dispersion coefficient
is rather independent of σ and strongly increases above
Wi ≈ 1. For instance at Wi = 857 (Re ≈ 10−3 ) D⊥ is
more than 6 orders of magnitude larger than the thermal
diffusion coefficient coefficient at equilibrium D0 (dashed
line). Such a notable dependence of D⊥ on Wi is in good
agreement with occurrence of elastic turbulent flows in
the viscoelastic liquid [8]. This has been confirmed by
corresponding measurements in a Newtonian liquid. As
shown in Fig. 4, where we plot D⊥ of σ = 3 µm latex
particles in water, only small changes of D⊥ compared
to the microscopic diffusion coefficient D0 (0.14 µm2 /s,
dashed line) are observed for increasing Re. This effect
can attributed to mechanical dispersion which should
indeed slightly contribute to the dispersion in porous
media [32, 33].
To motivate a heuristic description for the dependence of
D⊥ on Wi, we make use of the findings that (i) dispersion
coefficients in laminar flow often show a power-law
dependence on the Péclet and Reynolds number [34] and
(ii) that in macroscopic experiments with viscoelastic
liquids a critical Weissenberg number Wic ≃ 1 is observed
(corresponding to a critical γ̇c = 0.5 s−1 ), which marks
the onset of elastic turbulence [1, 4, 7, 8]. Accordingly, we
α
fitted the data in Fig. 3(b) to D⊥ = D0 + c · (Wi − Wic )
and find good agreement with the experimental data over
two decades with c = 0.02 µm2 /s, α = 1.4 (solid line).
Considering our definition of Wi, this scaling behaviour
is essentially a function of γ̇, as τ is constant for all data
points.
The asymptotic diffusive behavior of the particles should
also be reflected by increased particle velocity fluctuations
for Wi > Wic . This can be demonstrated by comparing
typical trajectories at Wi = 1, 9, 108, 857, which are
shown in Fig. 5(a) (from top to bottom) for particles with
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Fig. 5: (Color online) (a) Measured trajectories for Wi =
1, 9, 108, 857 (from top to bottom). The flow direction is from
left to right. (b) Corresponding squared velocity magnitudes
u2 /hu2 i. The arrows point at a temporary particle halt.

σ = 3 µm. Although all trajectories closely follow the
periodic flow field, the velocity fluctuations significantly
increase with Wi. This is shown in Fig. 5(b), where
we plot the corresponding normalized squared particle
velocity u2 . With increasing Wi we observe stronger
accelerations, which can even result in temporary particle
halts, as indicated by the arrow in Fig. 5(b).
Particle velocity fluctuations are also responsible for
streamline-crossing, which eventually leads to enhanced
dispersion along the y-direction. In case of laminar flow,
the transversal displacement while a particle travels a
given distance in x-direction, decreases with increasing
flow rate. In contrast, here we observe a strong increase
of lateral particle displacements for increasing Wi. This
is further illustrated in Figs. 6(a,b) where we plotted
characteristic trajectories of particles with σ = 1 µm for
Wi = 1 and 857. In contrast to Wi=1 where most particle
trajectories remain within a single stream (leading to a
rather periodic motion), for Wi=857 frequent particle
crossing between adjacent streams is observed (arrows in
Fig. 6(b)). For Wi=857, the probability for such particle
crossings within a single primitive cell is about 8 % while
for Wi=1 the corresponding value is close to 0.
Our experiments show, that elastic turbulence affects
the particle motion in non-Newtonian liquids similar to
thermal fluctuations. However, while in laminar flow the
average velocity field is deterministic and proportional to
Q, viscoelastic fluids exhibit non-linear velocity patterns
[2, 4, 35]. In the presence of porous media, this leads to
time- and space-dependent shear rates and a non-linear
dependence on the average velocity, both affecting the
particle dispersion in such systems. To illustrate how
the non-linearities of the flow field affect the maximum
shear rate in our system, we show the average velocity
field determined from a temporal average over the local
particle velocities mapped to the primitive cell of the
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Fig. 6: (Color online) (a) Two exemplary trajectories that illustrate the particle motion close to Wic . The flow direction is
from left to right. (b) Two exemplary trajectories that show
transversal hopping between streamlines far above Wic . The
arrows point at the pores where particles cross to an adjacent
stream.

structure (Figs. 7(a,b,c)). Close to Wic , the streams
in the lower and upper half of the primitive cell are
symmetric and separated by a region of vanishing velocity in the center (Fig. 7(a)). These streams become
broadened with growing Wi and eventually overlap
in the center of the primitive cell as illustrated for
Wi=108 in Fig. 7(b). A closer analysis reveals, that the
flow field becomes asymmetric relative to the vertical
symmetry axis (dashed vertical lines) of the primitive
cell, at high Wi. This asymmetry can be quantified by
the mean squared difference between the velocity field
and its mirror image relative to the vertical symmetry
axis ∆u2 . As illustrated in Fig. 7(d) the asymmetry is
almost zero up to Wi ≈ 200 and increases only slowly at
intermediate Wi. For Wi & 400, ∆u2 rapidly increases
due to the formation of high velocity regions (see arrows
in Fig. 7(c)). This non-linear instability is attributed
to the the elastic-forces in the system [35] and becomes
relevant at high Wi when the whole system is strongly
sheared. Consequently, the determined shear rate at high
Wi is no longer proportional to the average flow velocity
v̄ but grows stronger than linearly (see Fig. 7(e)).
Apart from this asymmetry no large-scale instabilities
have been found in the flow. This can be radically different in random porous geometries. Although we have also
observed elastic turbulence in random porous structures
(data not shown) made of randomly overlapping monodisperse circles (see [36] for details), the rapidly diverging
correlation length makes it difficult to obtain dispersion
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Fig. 7: (Color online) Averaged velocity field v̄(x, y) (velocity
magnitude given by grayscale) for (a) Wi= 1, (b) Wi= 108
and (c) Wi= 857. The flow direction is from left to right. (d)
Mean squared difference of a flow field and its mirror image as
a function of Wi. (e) Shear rate γ̇ determined from the velocity
fields as a function of v̄.

coefficients from particle trajectories. In contrast to
periodic structures, random porous media typically also
possess stagnant parts where the flow almost vanishes.
Such stagnant parts are known to strongly influence
the particle transport and dispersion [37–39]. Moreover,
it has been observed that stagnant parts lead to the
formation of vortices in viscoelastic fluids [40]. Similar
to inertial turbulent flow, where trapping of particles in
vortices leads to superdiffusive dispersion due to Lévy
flights [31], we expect that such effects may also arise for
elastic turbulence.
To further investigate the scaling of D⊥ in the shearthinning regime a shear-dependent Weissenberg number
might be considered which could result in a different
Wi dependence for large shear rates compared to our
definition of Wi. Ideally this requires a shear-dependent
measurement of the relaxation time within the microfluidic geometry. Another open question is the influence of
the particle size on the dispersion coefficient. While we
find no significant contribution of the particle size to the
dispersion, in the limits σ → 0 and σ → h, the particle
size must be considered. This question is closely related
to the microscopic structure of the entangled polymers
in the flow. While this structure cannot be obtained by
conventional microscopy, techniques such as cryogenic
transmission electron microscopy could be used to obtain
this information [41, 42].
Summary. – In summary, we demonstrated elastic
turbulent dispersion of finite-sized tracer particles in microfluidic porous media. We conclude from the asymptotic
behavior of the MSD⊥ , that dispersion in elastic turbulent
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flows can be characterized in terms of an effective dispersion coefficient. Due to strongly enhanced velocity fluctuations D⊥ increases significantly with Wi. We find a
non-linear dependence of D⊥ on Wi and observe a data
collapse for different sized particles, indicating that D⊥ is
mainly determined by Wi and only weakly dependent on
the thermal diffusion. In addition to the turbulent velocity fluctuations, we observe a non-linear asymmetry in the
averaged flow field that occurs for high Wi and leads to a
non-linear dependence of the shear rate on the flow.
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